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Abstract
We introduce a theory of .nitary automorphism groups of arbitrary modules over arbitrary
commutative rings, encompassing the theory of .nitary linear groups (the .eld and vector space
case). In particular, we have extended the structure theorems of U. Meierfrankenfeld et al.
(J. London Math. Soc. 47 (1993) 31–40) for locally soluble .nitary groups and unipotent .nitary
groups from the .eld to the commutative ring case. c© 2002 Published by Elsevier Science B.V.
MSC: 20H25; 20F19
1. Introduction
Finitary linear groups over .elds and more recently over division rings have re-
ceived considerable attention over recent years. (See [3] for a survey of work up to
about 1994.) Here we widen the scope of our investigations to cover modules over
arbitrary commutative rings; here all rings have identities and all modules are uni-
tal. (Finitary groups over principal ideal domains did arise brie?y towards the end
of [8].)
Throughout this paper R denotes a commutative ring and M a left R-module. Set
FAutRM = {g∈AutRM : M (g− 1) is Noetherian as R-module}:
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This is a subgroup of AutRM , to be called the .nitary automorphism group of M over
R; for if g and h are elements of FAutRM , then
M (gh− 1)6M (g− 1)h+M (h− 1)
and
M (g−1 − 1) = Mg(g−1 − 1) =M (g− 1);
so both gh and g−1 lie in FAutRM , as does the identity map on M of course. If we
replace ‘Noetherian’ in the de.nition of FAutRM by ‘.nitely generated’ we do not in
general obtain a subgroup of AutRM . We give an example at the end of this paper.
About locally soluble groups we can prove the following (the case for R a .eld
can be found in the Meierfrankenfeld et al. paper [2], see especially Theorem A,
Proposition 1 and Corollary 1; for some .nitary skew linear analogues, see [7]).
Theorem 1. Let M be a module over the commutative ring R.
(a) A locally soluble subgroup of FAutRM is hyperabelian; is locally-nilpotent by
abelian by locally-5nite and has a local system of soluble normal subgroups.
(b) Let G be any subgroup of FAutRM . Then G has a unique maximal locally soluble
normal subgroup; S say; S contains every normal; indeed every ascendant; locally
soluble subgroup of G and S has a local system of soluble normal subgroups
of G.
The subgroup S of Theorem 1(b) we call the locally soluble radical of G and we
denote it here by 1s(G). Call an element g of FAutRM unipotent if g−1 is a nilpotent
element of EndRM and call a subgroup G of FAutRM unipotent if each element of G
is unipotent. Not surprisingly, unipotence plays a key role in the proof of the above
theorem. The following summarizes the main properties of unipotent groups in this
context. (For the special case with R a .eld see [2], especially Theorem B; for its
skew linear analogue, see [7] Section 2.)
Theorem 2. Let M be a module over the commutative ring R and let G be any sub-
group of FAutRM .
(a) G has a unique maximal unipotent normal subgroup; U say.
(b) U has a local system of nilpotent normal subgroups of G.
(c) U is a Fitting group and hence U is locally nilpotent and hyperabelian.
(d) U contains every ascendant unipotent subgroup of G.
Of course, we call the subgroup U of Theorem 2 the unipotent radical of G and
denote it by u(G). Theorems 1 and 2 have the following consequences for locally
nilpotent groups:
Corollary. Let G be a locally nilpotent subgroup of FAutRM; for M a module over
the commutative ring R.
(a) Every 5nitely generated subgroup of G is ascendant in G; that is; G is a Gruen-
berg group.
(b) u(G) is equal to the set of all unipotent elements of G.
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2. Generalities
For g∈AutRM , the sequence 0 → CM (g) → M → M (g − 1) → 0 is exact. Thus if
M has no non-zero R-Noetherian images (e.g. if R = Z and M =Q) or if M has no
non-zero R-Noetherian submodules (e.g. if R=M is a polynomial ring over a .eld in
in.nitely many variables), then FAutRM = 〈1〉.
Suppose FAutRM = 〈1〉. The set A = {annR(x): x∈M \ {0}} of annihilators has
maximal members. For there exists a non-zero Noetherian R-submodule N of M .
Then S = R=annRN is Noetherian (if N = Rx1 + · · · + Rxk , then each R=annR(xi)∼= Rxi is Noetherian and annRN =
⋂
i annR(xi); therefore S is Noetherian) and
hence
B= {annR(x): x∈M \ {0} with annRN6 annR(x)}
has a maximal member. Clearly a maximal member of B is also a maximal member
of A.
Let po = annR(xo) be a maximal member of A. Then po is a prime ideal of R (if ,
∈R with xo=0, then either xo=0 and ∈ po, or, xo =0, po+R6 annR(xo) and
the maximality of po in A yields ∈ po). Set M1 = annM (po) = {x∈M : pox = {0}}.
Then M1 is a fully invariant (i.e. M16M1 for all  in EndRM) R-submodule of
M . Further M1 is torsion-free as Ro = R=po-module (for if x∈M1 \ {0} and ∈R
with x = 0, then po + R6 annR(x), so ∈ po by the maximality of po again).
Let Fo denote the quotient .eld of Ro. Then M1 embeds into Vo = Fo ⊗Ro M1 and
1⊗ FAutRoM16FGL(FoVo), the .nitary linear group of Vo over Fo. Further FAutRM
restricts on M1 to a subgroup of FAutRM1 = FAutRoM1. More generally we have the
following:
2.1. If G is a subgroup of FAutRM and if N is an RG-submodule of M; then
G|N 6FAutRN and G|M=N 6FAutR(M=N ).
To see 2.1, note that if g∈G, then M (g− 1) is Noetherian as R-module and hence
so too are N (g− 1)6M (g− 1) and (M=N )(g− 1) ∼= M (g− 1)=(N ∩M (g− 1)).
Returning to the M and M1 above, we can now pass to M=M1 and, provided only
that FAutR(M=M1) = 〈1〉, repeat the above construction of po and M1. A trans.nite
induction yields the following:
2.2. Proposition. M has an ascending series {M}6+1 of fully invariant R-
submodules such that with N = M+1=M for 6  we have that FAutRM acts
trivially on N and for ¡ the module N has prime annihilator p such that N is
torsion-free as R=R=p-module and for F the quotient 5eld of R and V=F⊗R N
we have FAutRM |N embedded naturally in FGL(FV). Further we have an exact se-
quence
1→
⋂

CG(N)→ G →×

G|V :
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We have only to check that in the sequence G maps into the direct product of the
G|V and not just into their cartesian product. If g∈G, then M (g−1) is R-Noetherian,
while the series {M} is ascending. Thus M ∩M (g−1)=M+1∩M (g−1) for almost
all . For such a  we have M+1(g−1)6M+1∩M (g−1)6M, so N(g−1)={0}
and g|V = 1. Thus g acts trivially on all but a .nite number of the V and hence G
maps into the direct product of the G|V , as claimed.
2.3. Let G = 〈g1; g2; : : : ; gn〉 be a 5nitely generated subgroup of FAutRM . Then
(a) [M;G] =
∑
g∈G M (g− 1) is R-Noetherian.
(b) M=CM (G) is R-Noetherian.
(c) There is a 5nitely R-generated; G-faithful RG-submodule U of M .
In 2.3(c) we cannot in general choose U to be R-Noetherian. For example, let F
be a .eld, R = F[Xi: i = 1; 2; : : : ] the polynomial ring in the in.nitely many variables
Xi and M = R ⊕ F , where F is made into an R-module via Xi → 0 for all i. Set
G = 〈g〉6AutRM , where g : (f(X ); ) → (f(X ); f(0) + ). Then M (g − 1) = F and
G6FAutRM . Now R is a non-Noetherian domain, so {0} is the only Noetherian
R-submodule of R and F is the unique maximal Noetherian R-submodule of M . Clearly
F is not G-faithful. Thus for this R and M we cannot choose a U as in 2:3(c) with
U also R-Noetherian. (Of course M itself here is .nitely generated, so the existence
of a U as in 2:3(c) is trivial, namely take U =M:)
Proof. (a) [M;G]=M (g1−1)+M (g2−1)+ · · ·+M (gn−1); so [M;G] is R-Noetherian.
(b) M=CM (gi) ∼= M (gi−1) is R-Noetherian; CM (G)=
⋂
i CM (gi) and M=CM (G) embeds
into
⊕
i M (gi − 1). Therefore M=CM (G) is R-Noetherian.
(c) Choose any .nitely generated R-submodule U of M with [M;G]6U and M =
U + CM (G).
3. Unipotence
Unipotence has been de.ned in Section 1.
3.1. (a) If M is Z-torsion and g∈FAutRM is unipotent; then g has 5nite order.
(b) If g∈FAutRM is unipotent of 5nite order, then (g) ⊆ Z(M).
Here (g) denotes the set of prime divisors of |g| and Z(M) the prime spectrum
of M as Z-module.
Proof. (a) By 2.3(c) we may assume that M is .nitely R-generated and hence by [5;
13.4] that R is Noetherian. Then M has .nite exponent as Z-module. Now 〈g〉 stabilizes
a series of R-submodules in M of .nite length ([5; 13.6] but obvious anyway). By
stability group theory g has .nite order.
(b) Let C = CM (g). Then Z(M=C) ⊆ Z(M); for if x∈M and m∈Z with mx∈C
and with m prime to Z(M), then m(x(g−1))=0; so x(g−1)=0 and x∈C. We prove
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3.1(b) by induction on the least n with M (g − 1)n = {0}. By induction (g|M=C) ⊆
Z(M=C) ⊆ Z(M): If e= |g|M=C | and h=ge, then h stabilizes the series {0}6C6M ,
so 〈h〉 embeds into HomR(M=C; C). Clearly then, (h) ⊆ Z(C) ⊆ Z(M). The result
follows.
Usually in .nitary situations stability groups (of series of submodules) are unipotent,
with the converse holding in very many situations (e.g. if R is a .eld or e.g. if R is
a division ring of characteristic zero), and in practice stability groups are the ‘right’
analogue of unipotent linear groups of .nite degree. Over commutative rings, however,
this breaks down. For a simple example consider the following: Let R = Z =M and
let G = 〈−1〉. Then G stabilizes the series
M ⊇ 2M ⊇ 22M ⊇ · · · ⊇ 2iM ⊇ · · · ⊇ {0}
but is not unipotent. This is not an ascending series, of course, but with in.nite-
dimensional .nitary linear groups one certainly does not want to restrict oneself to
ascending series, so one should not want to here either.
We use the standard (; V)∈I notation of P. Hall for series, where the =V are
the factors of the series, see [4, Vol. 1, p. 9]. Call a series (; V)I of R-submodules
of M (with
⋃
 =M and
⋂
 V= {0}) 5nitary for the subgroup G of FAutRM (or
G-5nitary for short) if the set { ∩M (g− 1): ∈ I} is .nite (equivalently if the set
{V ∩M (g− 1): ∈ I} is .nite) for every g in G. If the series is .nitary for FAutRM
itself, we simply say the series is 5nitary. Since M (g − 1) is R-Noetherian for every
g∈FAutRM , so every ascending R-series of M is .nitary. If R is a .eld then each
M (g− 1) is also Artinian and then every R-series of M is .nitary.
3.2. Let G be a subgroup of FAutRM .
(a) If G is unipotent; then G acts unipotently on every RG-section of M .
(b) G is unipotent if and only if G stabilizes a 5nitary series of R-submodules of M .
Proof. (a) This is immediate from the de.nitions.
(b) Suppose G is unipotent. Apply 2:2. Then for each ¡ the group G|V6
FGL(V) is unipotent and hence stabilizes an F-series in V (see [2; Theorem B or
7; 2.1d]). Hence G stabilizes an R-series in N; and this is trivially true for  = .
(Since dimF [V; g] is .nite for each g in G; this also gives a .nitary such series of
N.) These series yield an R-series of M stabilized by G.
For ¡ and g∈FAutRM , the R-module N(g)= (M (g− 1)∩M+1 +M)=M is
.nitely generated, so dimFF ⊗R N(g) is .nite. Thus any R-series, for example the
one constructed above stabilized by G, which is constructed from F-series of V for
each  as above, is .nitary; this depends, of course, on the fact that {M}6 being
an ascending series, almost all the N(g) for a given g are trivial.
Now suppose that G stabilizes a .nitary R-series in M . Then any g in G stabilizes
a .nite R-series in M (g− 1). Hence M (g− 1)(g− 1)n = {0} for some n and therefore
g, and consequently G, are unipotent.
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3.3. Let N be a unipotent normal subgroup of the subgroup G of FAutRM . Then N
stabilizes a 5nitary series of RG-submodules of M .
Proof. Repeat the proof of 3:2(b); using [7; 2.2a] in place of [2; Theorem B] (or [7;
2.1(d)]).
3.4. Let G be a subgroup of FAutRM and let {Li: i∈ I} be the factors of some
RG-series S of M . Set L=
⊕
i∈I Li. If S is 5nitary for G; then G acts 5nitarily on
L. In particular; G acts 5nitarily on L whenever S is 5nitary.
Proof. For any g in G; clearly L(g− 1) =⊕I Li(g− 1). The latter is R-Noetherian if
and only if g acts trivially on all but a .nite number of the Li. If S is .nitary for 〈g〉;
the latter holds.
Remark. The converse of 3.4 does not hold and the usual example is a counterexample;
viz. let R = Z =M and let G = 〈−1〉. Then G acts trivially on all the factors of the
series
M ⊇ 2M ⊇ 22M ⊇ · · · ⊇ 2iM ⊇ · · · ⊇ {0}
and yet this series is not .nitary; clearly for g = −1 it intersects M (g − 1) = 2M in
an in.nite series. Alternatively; a converse to 3.4; with 3.2; would imply that every
stability group is unipotent; a conclusion we have already seen is false.
3.5. Let G be a subgroup of FAutRM . Then the following hold:
(a) G has a unique maximal unipotent normal subgroup; u(G) say.
(b) u(G) contains every unipotent normal subgroup of G.
(c) G=u(G) is isomorphic to some 5nitary group G1 over R with u(G1) = 〈1〉.
(d) There is an exact sequence 1 → u(G) → G → H → 1; where H is a subdirect
product of irreducible 5nitary linear groups.
We call u(G) the unipotent radical of G.
Proof. (a) & (b). We apply 2.2. With the notation there; choose for each ¡ an
FG-composition series for V. These give RG-series in each N and .t together to
give a .nitary RG-series S for M (add the term M if necessary); cf. the proof of
3.2(b). Let u(G) be the stabilizer of the series S. By 3.2(b) the subgroup u(G) is
unipotent. Since S consists of G-submodules of M; so u(G) is normal in G.
Let U be any unipotent normal subgroup of G. Trivially U acts trivially on M=M.
Let W be a factor of S between M and M+1 for some ¡. Then F ⊗R W is an
FG-irreducible module upon which U acts unipotently. By 3.3 (or directly from [7,
2.2a]) the subgroup U acts trivially on W . Thus U6 u(G). Parts (a) and (b) of 3.5
now follow.
(c) Let L be the sum of the factors in the series S in the above construction of
u(G). By 3.4 the group G acts .nitarily on the R-module L and by de.nition u(G)
acts trivially on L. If U is a normal subgroup of G acting unipotently on L, then
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U acts trivially on each factor of S (M=M by 2.2 and the other factors by 3.3), so
U6 u(G) and hence G=u(G) acts faithfully on L with trivial unipotent radical.
(d) By 2.2 we have 1→ ⋂ CG(N)→ G →×FGL(V) exact. Clearly ⋂ CG(N)
lies in u(G) and u(G) is the intersection of the inverse images in G of the unipotent
radicals of the images of G in the FGL(V). The result follows from the .nitary linear
case ([7, 2.2b]).
3.6. Let X be a 5nite subset of the subgroup G of FAutRM and set U = u(〈XG〉).
Then U is nilpotent.
Now Y =[M; 〈X 〉} is R-Noetherian (2:3), so in the notation of 2.2 above, almost all
of the (M+1 ∩ Y )=(M ∩ Y ) are zero. Then
n=
∑
¡
dimF F ⊗R ((M+1 ∩ Y ) +M)=M
is .nite. We prove that U is nilpotent of class at most 2n in general and at most n if
X ⊆ u(G).
Proof. Choose an FG-composition series of V for each ¡; pull back to N and
then run them together to obtain a re.nement of the series {M}6+1 of 2.2. By
de.nition of n; the submodule Y must avoid all but n of the factors of this series.
Thus for some m6 n we have an RG-series
{0}= Q06P1¡Q16 · · ·6Pm¡Qm6Pm+1 =M (∗)
of M such that Y avoids each factor Pi+1=Qi and for each i there is a prime ideal pi
of R such that if Fi denotes the quotient .eld of Ri = R=pi ; then Vi = Fi ⊗Ri (Qi=Pi) is
FiG-irreducible.
Now [Pi+1; 〈X 〉]6Qi for each i and the series (∗) is a G-series. Hence [Pi+1; U ]6
[Pi+1; 〈XG〉]6Qi for each i. By 3.5(a) (uniqueness) the subgroup U is normal in G.
Hence 3.3 implies that [Qi; U ]6Pi for each i. Thus U stabilizes the series (∗) of
length 2m+ 1 and hence U is nilpotent of class at most 2m6 2n.
If X ⊆ u(G), then [Qi; 〈X 〉]6Pi ∩ Y 6Qi−1, so U = 〈XG〉 stabilizes the series
{0}¡Q1¡Q2¡ · · ·¡Qm6M
of length m+ 1 and hence U is nilpotent of class at most m6 n.
3.7. (a) If G6FAutRM; then u(G) lies in the Fitting subgroup of G.
(b) Let G be unipotent subgroup of FAutRM . Then G is a Fitting group and hence
is locally nilpotent and hyperabelian.
Proof. Part (a) follows from 3.6 and Part (b) follows from Part (a).
3.8. If H is an ascendant subgroup of the subgroup G of FAutRM; then u(H) is an
ascendant subgroup of u(G).
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Proof. Clearly u(H) is ascendant in G; so we need only prove that u(H) is a subgroup
of u(G). Suppose
H = H0 / H1 / · · · / H / · · · / H( = G
is an ascending series of G. We induct on (. Suppose u(H)6 u(H) whenever
6 ¡(. If ( − 1 =  exists; then u(H) is normal is H( by 3.5(a) and hence
u(H)6 u(H() by 3.5(b). Suppose ( is a limit ordinal. Then U =
⋃
¡ u(H) is
a unipotent normal subgroup of H(; so U6 u(H() by 3.5(b) again. It now follows that
u(H)6 u(H) for all 6 6 ( and hence u(H)6 u(G) as required.
Note that Theorem 2 follows from 3.5(a), 3.6, 3.7(b) and 3.8.
4. Local solublity
4.1. Let G be any subgroup of FAutRM .
(a) If X is any class of groups satisfying QX=X and X ⊆ L(G∩X) and X∩F ⊆ S
and if G ∈X; then G is locally soluble.
(b) If G ∈ 〈p; l〉A; then G is locally soluble. In particular; if G is an extension of a
locally soluble group by a locally soluble group; then G is locally soluble.
(c) G has a unique maximal locally soluble normal subgroup; 1s(G) say.
(d) If H is an ascendant subgroup of G; then 1s(H) is an ascendant subgroup of
1s(G).
Proof. (a) Apply [5; 13.13] to the .nitely generated X-subgroups of G via 2.3(c).
(b) The class 〈P,L〉A is an example of a class X as in Part (a) and it contains every
extension of a locally soluble group by a locally soluble group.
(c) This follows from (b).
(d) A straightforward trans.nite induction shows that 〈1s(H)G〉 ∈ 〈P,L〉A. Thus (d)
follows from (b) and (c).
4.2. Let S=1s(G) be the locally soluble radical of the subgroup G of FAutRM . If X
is any 5nite subset of S; then 〈XG〉 is soluble. Thus S has a local system of soluble
normal subgroups of G and an ascending series of normal subgroups of G (including
〈1〉 and S) with abelian factors.
Proof. Let Y = 〈XG〉. By 3.6 the subgroup u(Y ) is nilpotent. We apply 2.2. By [2;
Proposition 2]; for each ¡; the image of Y in FGL(V) is soluble. Moreover; since
[M; 〈X 〉] is R-Noetherian (by 2.3(a)) and the series {M} is ascending; for almost all
 the set X and hence the subgroup Y act trivially on N and consequently on V.
Further;
Y ∩
⋂

CG(N)6Y ∩ u(G)6 u(Y ):
Thus Y=u(Y ) is soluble. Hence so too is Y . The remainder of 4.2 follows immediately.
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4.3. Let G be a locally soluble subgroup of FAutRM .
(a) G is unipotent by abelian by locally-5nite; so in particular G is locally-nilpotent
by abelian by locally-5nite.
(b) G has a local system of soluble normal subgroups.
(c) G is hyperabelian.
Note that Theorem 1 follows from 4.3, 4.1(c), 4.1(d) and 4.2.
Proof. (a) This follows from 2.2 and the .nitary linear case [2; Theorem A(vi)].
(b) & (c) These follow from 4.2.
4.4. Let G be a subgroup of FAutRM . Then the four canonical sets of Engel elements
of G (left; right; bounded left and bounded right) are subgroups of G. Speci5cally;
and in the notation of [5] (see alternatively [4]; especially Vol. 2; Chapter 7); we have
that the set L(G) is equal to both the Hirsch–Plotkin and the Gruenberg radicals of
G; the set ML(G) is equal to the Baer radical of G; the set R(G) is equal to (G) and
the set MR(G) is equal to M(G).
Proof. Set H = 〈L(G); R(G)〉. If M is .nitely R-generated; the result holds locally by
[5; 13.4 & 13.18]. Hence by 2.3(c) the subgroup H is locally nilpotent. By 4.2 the
group G satis.es the hypotheses of [6] 4.1. The result follows.
4.5. Let G be a locally nilpotent subgroup of FAutRM .
(a) Every 5nitely generated subgroup of G is ascendant in G.
(b) The subgroup u(G) is the set of unipotent elements of G.
The corollary of Section 1 follows from 4.5.
Proof. (a) It is immediate from 4.4 that G is its own Gruenberg radical; from which
Part (a) follows.
(b) Let X be a .nite set of unipotent elements of G. Then H = 〈X 〉 is nilpotent, so
if x∈X , then 〈x〉 is subnormal in H . Thus by 3.8 we have 〈x〉 = u(〈x〉)6 u(H) and
hence H = u(H) is unipotent. It follows that 〈x∈G: x unipotent〉 is unipotent. Part (b)
follows.
4.6. Remark. Let G be a simple periodic subgroup of FAutRM . Then by 3.5(d) and
3.7 the group G acts faithfully on at least one of the V of 2.2 and hence G is
isomorphic to a simple periodic .nitary linear group. The latter have been completely
classi.ed by Hall; see [1] for a description.
5. An example
Let M be a module over the commutative ring R and set
X = {g∈AutRM : M (g− 1) is .nitely generated as R-module}:
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If M is .nitely generated, then X = AutRM . If R is Noetherian, then X = FAutRM .
Thus in these cases X is a subgroup of AutRM . However in general X need not be a
subgroup.
Let F be any .eld, let R denote the polynomial ring F[Xi: i=1; 2; : : : ] in the in.nitely
many variables Xi and let M be the free R-module on the basis {ei: i=0; 1; 2; : : :}. Let
g; h∈AutRM be de.ned by
e0g= e0; e1g= e0 + e1 and eig= Xie0 + ei for i¿ 2
and
e0h= e0; e1h= (X1 − 1)e0 + e1 and eih= ei for i¿ 2:
Then e0gh= e0 and eigh=Xie0 + ei for i¿ 1. Hence M (g− 1)=Re0 and M (h− 1)=
R(X1 − 1)e0 are .nitely generated, while M (gh− 1) = (
∑
i¿1 RXi)e0 is not. Thus
{x∈AutRM : M (x − 1) is .nitely generated as R-module}
is not a subgroup of AutRM in this case.
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